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Abstract
An important type of innovation is one that pioneers a new submarket. Klepper and Thompson (2006) and Sutton (1998) show that
innovation driven by the scope of the market can explain a variety of
empirical facts. We introduce a model where innovators must decide
whether to pioneer a new submarket or compete in an existing one.
Unlike the prior research on pionnering submarkets and industry evolution, we endogenize the existince of submarkets to pioneer and show
how the model generates an equilibrium long run scope of the market.
We show that the model can explain some of the important existing
facts about the product life cycle. We investigate the product cycle
data and show other important features that are consistent with the
model. Finally, we show that the model has implications for policy
directed at particular kinds of innovations.
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Introduction

Firms are driven by a constant process of nding new prot opportunities.
Sometimes those prot opportunities involve overtaking an existing rm's
place at the top of one activity.

Other times the opportunities involve pi-

oneering new activities, such as entering into a new submarket, which can
be called market pioneering.

Klepper and Thompson (2006) and Sutton

(1998) show that the arrival of new submarkets is an important driver of industry evolution. While those papers treat arrivals as exogenous, this paper
introduces a theory of the trade-o between entering existing activities versus
market pioneering, and shows how the model can endogenize an important
margin for explaining the evolution of industries, the scope of an industry
across distinct submarkets. To the extent that the scope of the market is an
important determinant for industry evolution, understanding the forces that
shape the equilibrium scope of the market is important to understanding
industry dynamics.

We further show how the model generates predictions

that are familiar from some well known facts in industry dynamics, particularly about innovation over product life cycles. We also study several policy
implications.
There are two main forces in our model. The force behind market pioneering in our model is one that we term an "escape competition" motive. Casual
empiricism suggests that the introduction of new submarkets increases total
industry prots. For instance, a new variety of laser studied in Klepper and
Thomson (2006) might open up new applications of laser technology. Consistently with this view, in our model, when a rm pioneers a new submarket,
industry resources are spread across a wider set of activities This makes the
total value of the industry greater by making industry resources more scarce.
As a result, pioneering a new submarket not only increases total prots but
also increases prots per submarket, making pioneering attractive.
Countering this force, we assume that market pioneering is more expen-
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sive than overtaking existing submarkets.

We model market pioneering as

this trade-o between escaping competition and higher costs. We describe
the dynamics of the market innovation from a start of an industry to a steady
state. We show how, even with symmetric submarkets to pioneer, these forces
determine the steady state of innovation and the long-run breadth of the mar-

1 Robinson, et al (1994) document the higher cost of innovation faced by market pioneers.
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ket (i.e. the number of submarkets in a market). Certainly other forces, such
as natural technological limitations, are at the heart of determining what
is done by a technology such as the laser industry studied by Klepper and
Thompson. The model developed here stresses an economic rationale behind
the eventual scope of a technology. One can think of this idea as similar to
the role of economic obsolescence in determining depreciation; there, both
physical characteristics and economic motivations matter for determining the
value of old versus new capital. Here the set of existing submarkets determines the relative value of innovations that generate new submarkets relative
to innovations that improve existing ones.
Klette and Kortum (2004) study a model similar in spirit to ours, but
where rms nd new prot opportunities exclusively by overtaking other
rms. They show that such a model can explain facts about the stationary
distribution of rms. Our model enriches this idea by studying the breadth of
the market. By adding the avor of submarkets from Klepper and Thompson
(2006) and Sutton (1998) to a model of innovation in the spirit of Klette and
Kortum (2004), we can study facts concerning the innovation over the lifecycle of an industry that are fundamentally non-stationary.
We focus our attention on the period of increasing innovation in the product cycle, since our model is about the determination of the peak scope of
the industry. We compare it to our model from birth to steady state. We
show that in equilibrium research intensity follows a simple implicit equation,
which implies rising levels of arrival of innovations. However, the composition
of innovation is changing. Over time, the development of new submarkets
declines, and overtaking innovations rise. In steady state, there are only
overtaking innovations; all market pioneering is complete.
It is natural to interpret process innovations as disproportionately nonpioneering, while product innovations represent, at least partially, pioneering
of new submarkets. With that interpretation, we can compare the model's
predictions on pioneering to well known evidence on product innovations
over the course of an industry life cycle. This evidence was documented rst
by Utterback and Abernathy (1975), and has been further discussed in papers including Cohen and Klepper (1996) and Klepper (1996). Innovations
move from product to process innovations, with product innovations steadily
falling and process innovations rising until the peak of the industry life cycle.
Total innovation rises from birth to peak. Our stark depiction of an industry where total innovation is increasing while innovations are increasingly
non-pioneering while introduction of new submarkets is dying out naturally
3

follows this stylized fact. It generates both the changeover from product to
process innovation, as well as the rise in total innovation, purely as a response
to the number of submarkets that result.2
A key feature of our model is that the two types of innovation (pioneering and non-pioneering) draw on a common pool of a scarce resource, and
therefore are jointly determined. This is in contrast to standard models of
the relative fall in product innovation, such as Cohen and Klepper (1996)
and Klepper (1996). They take the view that process innovation rises as
rms get larger because it is more scale dependent than product innovation;
the cost of each type of innovation is independent of the other. Our paper
relies on no scale eects associated with one particular type of innovation,
and delivers an absolute fall in the amount of product innovation over the
life cycle, consistent with the evidence and contrary to the previous contributions. Instead, the driving force is that product innovations tend to increase
the total market more so than process innovations. Our model shows that
the decline in product innovation may not be tied to a change in the ability
to nd new product areas, but rather to a gradual decline in the incentives
of rms to generate them.3
A fundamental and previously unexplored implication of our model is
that the arrival rate of innovations increases over the product cycle, but at a
slower rate than the increase in the number of rms. We show that this is a
clear feature of the Gort-Klepper product cycle data. Moreover, the data on
entry and exit is broadly consistent with the model's predictions. While our
model is mostly silent on cross-sectional facts about rms of dierent sizes, it
2 Our

model does not include the nal phase of the cycle, the eventual decline that leads
to decreased innovation of all types. Extending the model to incorporate this would be
straightforward. In our opinion, it is an attractive feature of the model that even without
assuming declines in the opportunities to innovate, we get convergence to the steady state
with pioneering decreasing over the life-cycle.
3 A long line of papers, reviewed by Lieberman and Montgomery (1988), have discussed
the relative merits of entering a market early (a rst mover advantage) versus later. An
example of a theory of the benets and costs of pioneering is Bohlmann, et al (2002). In
those models, the market to enter is taken as given. Our model focuses on the arrival
of the new opportunities for entry. Much of the literature on market pioneering in the
management and marketing literatures focuses on the dierences in outcomes between
pioneers and subsequent entrants. Our model can be made consistent with this evidence,
as we discuss, but explaining the possible advantage that pioneering rms enjoy is not the
purpose of this paper. Rather, we focus on the less studied question of the trade-os of
pioneering versus "normal" innovation.

4

is consistent with data on movements in market share summarized in Klepper
(1996). As the market matures, market shares become more stable.4
We show that modeling these dierent types of innovation is relevant
to policy questions (see section 5). We consider the possibility that the
government might want to subsidize particular types of innovation. We nd
that patient planners might prefer to subsidize pioneering research over nonpioneering research even when the prot and consumer surplus from each
type of innovation is identical. The reason is that pioneering innovations
have an additional impact on innovation, through the increase in prots per
submarket that they generate.
The idea that some innovations change the set of available opportunities
is essential to the model of long waves and short waves of Jovanovic and Rob
(1990). Their model, however, focuses on contrasting epochs, one where only
innovations in new areas occur, and another where only improvements to existing areas are developed. For the purposes of understanding an industry
life cycle, our model has the useful feature that the two types of innovation
coexist. This is because the innovation incentives are dierent in the two
models; we stress the pioneer's dynamic motivation for inventing new submarkets, whereas in their model new areas are explored only when existing
areas become too infertile. In our model both directions of innovation are
always equally productive.
Finally, as in Klette and Kortum (2004), our approach to modeling innovation draws heavily on the endogenous growth literature, such as Grossman
and Helpman (1991) and Aghion and Howitt (1992). Our model adds endogenous variety, and in that sense is similar to a long line of growth theory
papers such as Romer (1987). Our model departs from these growth papers
in studying a nite number of products, focusing on the trade-o between
pioneering and non-pioneering innovation, where the decision has a nonmarginal impact on the evolution. We study transitional dynamics in order
4 Our model also echoes the ideas of the original contribution of Utterback and Abernathy (1975), who argue that the data can be explained by imagining that product innovation proceeds until a dominant design emerges, at which point rms focus on process
improvements. Similarly, our model predicts that falling product innovation is linked to
stabilization in the breadth of the product: as the number of active submarkets increases,
the pioneering benets decrease while pioneering remains more costly than regular innovation. Once the industry reaches the steady state, one can think of the scope of the
industry as the "design" that remains constant, although rms continue getting more and
more cost ecient in producing the existing design in the steady state.
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to address the product life cycle evidence.
In the next section we introduce the model. Section 3 characterizes the
equilibrium. In Section 4 we compare the results to both existing facts and
some new empirical results from the product cycle data. We then discuss
policy implications in section 5.

2
2.1

The Model
Products

At any given instant there is an industry made up of N submarkets (where
N can change over time). For simplicity, we assume a very stark structure
within a given submarket: the lowest cost producer for a given submarket
captures it in its entirety and makes prots π per instant (so that total
industry prots are N π). All agents use the common discount rate r.
This simple model of prots by submarket is analogous to assumptions
in Klette and Kortum (2004) and Klepper and Thompson (2006); Klette and
Kortum use the term "goods" and Klepper and Thompson use "submarkets.".
In Section 5 we introduce an explicit preference structure that delivers this
as the outcome of a Bertrand price setting game (along the lines of Grossman
and Helpman (1991), which also motivates Klette and Kortum (2004)).
The important feature of the assumption is that submarket prot ows
are constant across submarkets and time. It is meant to not bias innovation
toward one type of research or another (i.e. prots from new submarkets and
improvements to current submarkets have identical prot ows), or to drive
the amount of research that takes place over time (as prots per instant are
constant in time). Therefore the life-cycle changes in total innovation and the
shares of dierent types of innovation are not driven by assumed dierences
in protability. Appending such dierences is straightforward, and does not
change the basic message about the endogenous determination of industry
scope.
2.2

Innovation

Innovation comes through research. Research can be done on either developing new submarkets or on improvements in existing submarkets. Because
we think of product innovation as being necessary for pioneering new sub6

markets, we will later use the term product innovation to describe those
pioneering innovations, and term improvements (say in cost) of producing
existing products as process innovation.5
In both cases, research takes place continuously and innovations arrive
according to a Poisson process. The arrival rate is equal to the amount of
research intensity, denoted xe for improvements to existing submarkets and
xf for new (frontier) submarkets. We assume that research intensity comes
from one input, researchers, and that the pool of this input is heterogeneous
in their skills. A researcher of type θ can provide one unit of research intensity, at a cost ow of θ for an existing submarket, and a cost ow of θ + η for
a frontier submarket. The inclusion of η > 0 means that new submarkets are
more costly to research (pioneering is expensive), as has been documented.
Researchers' types are distributed on [θl , ∞) according to the cumulative
distribution function F (θ), with θl > 0. We normalize the outside option of
researchers to zero. Researchers may enter freely into research at any instant
and choose which submarket to research on. In order to keep the model from
trivially having no innovation, we assume that θl is small enough so that
in equilibrium at least one innovation takes place. We also assume that F
is atomless and strictly increasing with derivatives bounded away from zero
and innity.
The critical feature of our model that ties dierent submarkets together
is that they draw researchers from a common pool of scarce talent. As a
result, innovative eort on one submarket has an impact on the marginal
cost of innovation for all of the submarkets that use the common factor.
This equilibrium eect plays an important role in the industry dynamics
that we develop below.6
We assume that when a researcher generates an innovation he forms a
rm and markets it, becoming the new low cost producer and earning prots
per instant π . This mirrors the market structure commonly used in the
endogenous growth literature, and in applications such as Klette and Kortum
(2004). In the case where an innovation arrives in a submarket that has been
pioneered before, the new rm replaces the previous leader as the new lowcost producer, leaving the whole industry prots unchanged, while in case of

Throughout we consider non-pioneering innovations to be cost reductions; equally
valid are quality improvements that lower cost per eciency unit provided.
6 While we use the heterogeneous types of researchers to generate the scarce resource
and hence an upward-sloping supply of research, anything that generated cost increasing
in total research intensity would generate the same results.
5

7

a pioneering innovation, the new rm is the rst rm in the new submarket,
increasing the total industry prots by π. Researchers (and the rms they
form) maximize the expected sum of discounted prots net of research costs.
We dene the Markov equilibrium of this model after we introduce some
more notation in the next section.

3

Innovation Dynamics

In this section we dene and characterize the equilibrium of the industry. We
establish an endogenous bound on the number of submarkets that will ever
be developed in equilibrium and describe equilibrium dynamics of innovation.
3.1

Equilibrium

Keeping xed the prot ows π (that can be endogenized as in Section 5),
consider the reduced-form model of competition among researchers. We focus
on symmetric Markov equilibria, in which the decision rules of the researchers
depend only on the current state of the industry which is summarized by N,
the number of submarkets pioneered so far. Since obtaining an improvement
over an existing submarket yields the same prot ows regardless of the
identity of the submarket or the current cost level of the submarket, we focus
on equilibria where the strategies of the researchers (and expected prots of
the producers) are symmetric: all submarkets that have been pioneered are
researched equally.
We start by introducing some notation that allows us to make the model
more tractable. Denote total research by x (N ) ≡ xe (N ) + xf (N ). Since the
benets of research are independent of type, researchers follow a cuto rule:
if type θ chooses to research, all types θ′ < θ do as well (although they can
do it on some other submarket). By denition, the cuto θ̄ (N ) solves:
F (θ̄(N )) = x (N )

(1)

Total intensity x (N ) (and hence the cuto θ̄ (N )), as well as the allocation
across the two activities is determined by free-entry conditions: the cuto
type must be indierent between researching any of the existing submarkets
(unless xe (N ) = 0), researching a frontier submarket (unless xf (N ) = 0)
and opting out of research.7
7

The equilibria we construct pin down only the share of active researchers working on
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Dene c (x) ≡ F −1 (x), the cost of the marginal researcher in an existing
submarket given the total research intensity x, so that θ̄ (N ) = c (x (N )).
Note that c (x) , the industry supply of researchers, is increasing. Let ρ (N ) =
xe (N )
be the probability that conditional on a new innovation arriving, it is
x(N )
for an existing submarket. Let the random variable τ (N ) be the arrival time
of an innovation given the aggregate research intensity, x (N ) .
Let V (N ) be the (ow) value of an incumbent rm just as a new innovation arrives, but without knowing what submarket it is for, including the
possibility that it pioneers a new submarket. Let Ve (N ) be the ow value of
a rm that has just developed a non-pioneering innovation and Vf (N ) be the
ow value of a rm that has just developed a pioneering innovation, in each
case where previously there were N submarkets. These functions are dened
recursively by:
Ve (N ) = (1 − δ (N )) π + δ (N ) V (N )
Vf (N ) = (1 − δ (N + 1)) π + δ (N + 1) V (N + 1)
1
V (N ) = ρ (N ) (1 − )Ve (N ) + (1 − ρ (N ))Vf (N )
N

(2)

In these recursions, the expected discount factor (to the time of arrival of a
new innovation), incorporating both the arrival rate and the rate of discount,
can be calculated using the Poisson distribution as:
h

i

δ (N ) ≡ E e−rτ (N ) |x (N ) =

x (N )
x (N ) + r

Note that it depends on N through x (N ) .
Ve (N ) /r and Vf (N ) /r are the expected total prots of a researcher conditional on achieving one of the corresponding innovations when the current
state is N. By the properties of Poisson distribution they also represent the
ow of expected prots from innovation. Therefore, the free-entry conditions
for the researchers are:
Ve (N ) /r ≤ θ̄ (N )
Vf (N ) /r ≤ θ̄ (N ) + η

(3)

the particular tasks but not the allocation of particular types. This additional characterization can be achieved by introducing heterogeneity in research costs across dierent
submarkets. For example, allowing η dier with θ one can pin down which types will be
pioneers.
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with equality whenever the corresponding choice is undertaken by a positive
mass of researchers.
Formally, the (symmetric, Markov) equilibrium is an aggregate strategy
prole (xe (N ) , xf (N )) such that all agents optimize. Optimization is equivalent to strategies such that the free entry equations (3) hold, with entry
values dened by (2), and individual decisions agree with aggregate variables
in (1).8
The following proposition summarizes the characterization of the equilibrium. Informally, the industry starts with N = 0 and all researchers are
involved in pioneering. After the rst submarket is created, research activities
change: some researchers work on improvements in the rst submarket and
some try to pioneer a new submarket. As new submarkets are introduced,
the total research activity grows in absolute terms but tends to decrease in
per-submarket terms. After several pioneering inventions the market reaches
a steady state, N = N ∗ , and all pioneering ceases: from that moment on all
research is directed at existing submarkets.

Proposition 1

N∗

such that xf (N ) > 0
xe (N ) > 0 for N < N . Further, xf (N ) = 0 and xe (N ∗ ) > 0. Finally,
x(N ) is increasing in N , with N ∗ = arg minN ∈{1,2,...N ∗ } x(N )/N .
and

In equilibrium there exists some

∗

∗

Before we prove this characterization of equilibrium with a series of lemmas (and provide a sucient condition for uniqueness of the equilibrium),
we discuss the economic intuition behind the results.
First, it might seem surprising that in equilibrium competitive researchers
can ever be willing to pay the additional cost to develop a new submarket.
After all, we have assumed that the prot ows, π, are the same from both
types of innovation! Still, in equilibrium if η is not too large (and the supply
of researchers, c (x) , is not too elastic) the steady-state will have N ∗ > 1.
The reason is that pioneering generates a non-marginal impact on prots per
submarket. Due to the increasing cost of researchers, research intensity on
existing submarkets rises less than proportionally to the number of existing
submarkets. Therefore xe (N ) /N  the amount of research on improvements
per submarket  tends to decline in N , and the value of having a marketable
submarket rises in N . If it rises enough from N to N +1, it is worth paying the
extra cost η . However, since 1/N is convex and xe (N ) is weakly increasing,

In the proof of the proposition characterizing equilibria, we provide sucient conditions for the equilibrium to be unique.
8
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xe (N ) /N drops by very little for large N. Eventually the increase in the prot
per submarket, V (N ) , becomes small and is insucient to draw research into

pioneering new submarkets.
Second, anytime there is pioneering research, there must also be research
on improving existing submarkets. If there were only research on new submarkets for a given N , then developing an improvement would yield more
prots than a new submarket: it would earn prots until the next new submarket, at which point the continuation value would be as much as the new
submarket would have made. This is of course impossible since improvements
are less expensive.
We now turn to a construction of equilibria and hence a proof of the
proposition. Suppose rst that there are some states N and N + 1 in which
both research dimensions are active in equilibrium. Using the free entry
condition we can characterize the equilibrium aggregate research intensity
for these states. Note that (2) implies Ve (N + 1) = Vf (N ) . Combining it
with the free entry conditions we get:
c (x (N + 1)) = c (x (N )) + η

(4)

This allows us to show that aggregate research is increasing in N :

As long as both research tasks are active, aggregate research eort
and value V (N ) are increasing in N.

Lemma 1

x(N )

Proof.

Monotonicity of x (N ) follows directly from (4) and monotonicity of

c (x) .

Regarding V (N ), from the free-entry conditions (3) we have

Ve (N + 1) /r − Ve (N ) /r = η
⇓
(δ (N ) − δ (N + 1)) π + δ (N + 1) V (N + 1) − δ (N ) V (N ) = rη
⇓
(δ (N ) − δ (N + 1)) (π − V (N )) +δ (N + 1) (V (N + 1) − V (N )) = rη

|

{z

<0

}|

{z

≥0

}

where (δ (N ) − δ (N + 1)) < 0 because we have proved that x (N ) is
increasing. As the rst element on the LHS is negative, we must have
V (N + 1) > V (N ) for the equality to hold.
Next, we establish the existence of a steady state and that before the
steady state both research dimensions are indeed active:
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N, x (N ) > 0. For any N > 0 such that xf (N ) > 0, it
xe (N ) > 0. Finally, there exists N ∗ such that for all N ≥ N ∗

Lemma 2 For any
must be that

xf (N ) = 0.

We start with the second claim. Suppose xe (N ) = 0 and xf (N ) > 0.
Then, by (2) we get Ve (N ) = (1 − δ) π + δVf (N ) ≥ Vf (N ) which contradicts
the free entry conditions (3) .
Now, suppose that there exists an N > 0 such that x (N ) = 0. Then
δ (N ) = 0 and Ve (N ) = π. Then any researcher who found it protable to
do pioneering research at N = 0 nds research on existing submarkets even
more protable at N , which contradicts xe (N ) = 0.
Finally, suppose that xf (N ) > 0 for all N . Then xe (N ) > 0 and therefore
we know that Ve (N + 1) = Ve (N ) + rη for all N. But that is not possible as
Proof.

Ve (N ) ∈ (0, π) .

In a steady state N ∗ , the values and research intensity can be easily
determined as they satisfy the Bellman equation and the free-entry condition:




1
V (N ) = 1 − ∗ [(1 − δ (N ∗ )) π + δ (N ∗ ) V (N ∗ )]
N

(5)

(1 − δ (N ∗ )) π + δ (N ∗ ) V (N ∗ ) = rc (xe (N ∗ ))

(6)

∗

|

{z

}

Ve (N ∗ )

Call the solution to these two equations, for arbitrary N ≥ 1, V̂ (N ) and
e (N )
x̂e (N ), with the associated δ̂(N ) = x̂ex̂(N
.
)+r
Lemma 3
Proof.

V̂ (N )

is increasing in

N ; x̂e (N )

is increasing in

N.

First, condition (6) implies that V̂ (N ) is increasing if and only if

x̂e (N ). To see this, note that




x
x
π+
V − rc (x)
1−
x+r
x+r
is increasing in V and decreasing in x when V < π (which is the case since
V̂ (N ) < π), and hence for (6) to hold for all N, V̂ (N ) and x̂e (N ) have to
change in the same direction in N.
Second, suppose by contradiction that V̂ (N ) is decreasing and hence δ̂(N )

is decreasing. However, since (5) can be re-written as:
V̂ (N ) = π 1 −

1
N − δ̂(N ) (N − 1)

12
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if δ̂(N ) is decreasing in N, (5) would imply that V̂ (N ) is increasing, a contradiction.
In order for N ∗ to be a steady state, it must not be protable to search
for a new submarket at N ∗ , even if no new submarkets were researched after.
In other words, at the steady state N ∗ , the following inequality holds:
where

(1 − δb (N + 1))π + δb (N + 1) V̂ (N + 1) ≤ r (c (x̂e (N )) + η)

(7)

x̂e (N + 1)
r + x̂e (N + 1)
is the expected discount factor if at state N +1 the research is xe = x̂e (N +1)
and xf = 0. Condition (7) can be simplied to
δb (N + 1) =

c (x̂e (N + 1)) − c (x̂e (N )) ≤ η

If c (x̂e (N )) is concave, there clearly exists exactly one "crossing point"
which provides a sucient condition for uniqueness of the steady state and
the whole equilibrium:

Lemma 4 Suppose c (x̂e (N )) is concave in N. Then the steady state N ∗ is

unique (and so is equilibrium) .

It can be veried directly that c (x̂e (N )) is in fact concave for many distribution functions F, for example a linear one. The intuition why we should
expect c (x̂e (N )) to be concave is as follows: start
 witha constant δ (N ).
Then the solution V (N ) to (5) is concave because 1 − N1 is concave. Now,
for (6) to hold, c (x̂e (N )) and δ (N ) have to increase in N . This adjustment has to be larger the more V (N ) increases, so it is smaller for larger N.
Therefore, for a lot of shapes of c (x) we would obtain a concave c (x̂e (N )).
Once we nd N ∗ and xe (N ∗ ) , we can solve for the rest of the equilibrium
by working from the eventual steady state. In particular, iterating on (4) we
get:

Lemma 5 Aggregate research eort x(N ) is increasing in N according to
c (x (N + 1)) = c (x (N )) + η.

Given x(N ) for all N ≤ N ∗ and V (N ∗ ), we can use the rst two lines of
(3) to calculate V (N ). Finally, to compute the individual values xe (N ) and
xf (N ), given x (N ) and V (N ) , we can use the last line of (3). Note that this
construction is unique for any given N ∗ , so that a concave c (x̂e (N )) implies
a unique equilibrium (as we claimed in Lemma 4). Finally, we claim:
13

N ∗ = arg minN ∈{1,2,...N ∗ } x(N )/N.

Lemma 6

First consider xe (N )/N. If N ∗ ∈
/ arg minN ∈{1,2,...N ∗ } xe (N )/N , let
∗
N̂ < N be the largest N such that x(N )/N is minimized. When the current
state is N,dene by pN (τ ) the probability of any current rm being the submarket leader τ periods forward. Since xf (N̂ ) > 0 and xe (N )/N > xe (N̂ )/N̂
for N > N̂ , pN (τ ) ∈ [0, e−(xe (N̂ )/N̂ )τ ). We can write pN (τ ) recursively as

Proof.

pN (τ ) =

ˆ

τ

e−(xe (N )/N )t xf (N )e−xf (N )t pN +1 (τ − t)dt + e−xf (N )τ e−(xe (N )/N )τ

0

The integral adds up possible arrival dates of the N + 1st market pioneer;
the last term adds the chance of being in business with no pioneer arriving
before τ .
Further, dene the operator on the space of bounded, continuous functions, (with the sup norm)
T (p(τ )) =

ˆ

τ

e−(xe (N̂ )/N̂ )t xf (N̂ )e−xf (N̂ )t p(τ − t)dt + e−xf (N̂ )τ e−(xe (N̂ )/N̂ )τ

0

Since this operator satises Blackwell's sucient conditions for a contraction
mapping, it is a contraction and has a unique xed point. The xed point can
be calculated to be e−(xe (N̂ )/N̂ )τ . Since pN̂ +1 (τ ) <.e−(xe (N̂ )/N̂ )τ , and iterations
on T starting from any initial function are converging monotonically to the
xed point e−(xe (N̂ )/N̂ )τ of T , it must be the case that pN̂ (τ ) = T (pN̂ +1 (τ )) >
pN̂ +1 (τ ) for all τ . The chance of being in business in τ periods is higher at N̂
than N̂ +1. Therefore V (N̂ +1) < V (N̂ ), and therefore the return to frontier
research at N̂ is no greater than existing submarket research at N̂ , but is
more costly. This contradicts the in equilibrium both xf (N̂ ) and xe (N̂ ) are
strictly positive.
Since xf (N ∗ ) = 0, clearly N ∗ = arg minN ∈{1,2,...N ∗ } xf (N )/N , and as a
result N ∗ = arg minN ∈{1,2,...N ∗ } x(N )/N .
Intuitively, if xe (N )/N were minimized somewhere before N ∗ , then the
innovators would always be facing worse prospects for overtaking if they raise
the state past the point where xe (N )/N is minimized. They would therefore
do no frontier research. Since xf (N ) is minimized by denition at N ∗ , it
must be the case that x(N )/N is minimized at N ∗ . That nishes the proof
of Proposition 1.
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Although the model is admittedly stylized and we have isolated only one
particular reason for competitive research leading to increases in scope (the
reduction in xe (N ) /N ), other reasons could be easily incorporated as well.
For instance, new submarkets (the pioneering innovation) might initially be
harder for others to improve on, or initial innovations might be more valuable. Initial innovation might lower future research costs or provide a private
benet in research for the pioneering rm. Whatever the other forces, as
long as the supply of researchers, c (x) is increasing, by the same economic
intuition a higher N is most likely to yield a higher x (N ) (so that innovation
is accelerating over time).
3.2

Numerical Example

In order to see how the equilibrium evolves in a numerical example, we assume
that F is linear, F (θ) = (θ − θl ) /a, and so c (x) = ax + θl . Further, we
consider the following parameters: r = 5% (annual interest rate), a = 0.01,
θl = 0.2, η = θl /25, π = 1/3 (which corresponds to λ = 1.5 so that costs
decrease by 50% with every innovation - see Section 5 for details). Then the
steady state number of submarkets is N ∗ = 9. In the steady-state x (N ∗ ) ≈
9.66, which is also the average number of innovations per year (across the
whole industry). The research intensities are shown in the gure as a function
of N : the top line is total investment, the decreasing line is the investment
in new submarkets (pioneering), and the third line is investment in existing
submarkets.
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Note that the dierence between the extra cost η of a new submarket
is at most four percent of the cost of researching an improvement (for θ =
θl ), yet dierences between intensities research intensities new and existing
submarkets are large.

4

Evidence

Does our model help us understand empirical patterns of innovation? Admittedly, it is very dicult to match a stylized model like ours to data, especially
that we do not have good measures of research intensities and innovation (in
terms of measurement, we follow the literature and use patent counts as a
proxy for innovation rates). Moreover, unfortunately, there is little empirical work on the rate of pioneering vs. non-pioneering innovation over the
industry life cycle.
Instead, most of the existing evidence on direction of innovation is focused on the patterns of product vs. process innovation. Yet, we think that
there is a fundamental connection between these two ways of categorizing
innovation because pioneering is overwhelmingly a product innovation while
improvements to existing products can take the form of either product or
process innovation. Suppose that α share of the improvements are product
innovations and (1 − α) are process innovations. Then, letting xP d be the
amount of product innovation and xP c be the amount of process innovation
xP c
α
we can impute xe = 1−α
and xf = xP d − 1−α
xP c . As long as α is not too
large (an assumption we will maintain), even though the levels of process
and product innovation are going to be dierent than the levels of pioneering
and non-pioneering innovations, the relative patterns will be very similar.
4.1

Gort and Klepper (1982) and Utterback and Abernathy (1975)

Our model reproduces some key features of the evolution of innovation over
the product cycle, from what has commonly been termed stage I (birth) to
stage III (the peak level of rms).
Gort and Klepper (1982) document that the rise in rms is met with a rise
in patenting. Interpreting innovations in the model as patents, one can see
that pattern emerge, since each submarket is sold by one rm.9 Utterback
9 Clearly,

the same pattern emerges if the number of rms is proportional to the number
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and Abernathy (1975) stress that product innovation declines, and process
innovation increases over this period of the product cycle moves forward.
This is clearly a feature of the model. Note that existing models such as
Klepper (1996) focus on the relative amounts of the two types, rather than
the absolute quantities and do not deliver an absolute decrease in product
innovation. Utterback and Abernathy (1975) also document a change from
innovations that require original components, to ones that focus on adopted
components and products. That change can again be interpreted as the move
from xf to xe ; research into new submarkets requires the extra cost η because
it does not build on prior art in the same way a process innovation does.
Gort and Klepper (1982) also document a shift from major to minor
innovations. There is a sense that product innovations in the model are
major: they increase the total number of rms and the amount of research in
the industry. Process innovations merely replace one rm with a lower cost
rm, increasing consumer surplus, but leaving industry variables unchanged.
The tight connection between product innovations and major ones might
seem excessive. However, it can easily be loosened. Our process innovations
are analogous to quality improvements (in the standard language of Grossman and Helpman (1991)) increasing eciency units per physical unit by
a factor of λ, and leaving cost unchanged. Our main argument, however,
is that while xe might include some product innovation, xf is by its nature
all product innovation. Our basic story is that new submarkets are more
researched early on, and less researched later on, and therefore innovation
switches from product to process and major to minor.
4.2

Prices and Innovation

Gort and Klepper (1982) point out that price changes do not reect changes
in innovation rates, as measured by patents; as patents rise with the industry
moving to maturity, rates of price decline fall. One explanation is that patents
are not a good proxy for innovation; the model suggests another. As the
number of submarkets rises, there is more innovation in total, but it is spread
across more submarkets, and therefore each innovation has less impact on
market-wide prices.
Suppose each innovation within that submarket lowers the price in that
of submarkets, for example having two rms active per submarket.
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submarket by a xed percentage.10 If the rate of price decline is measured
at the market level by averaging across the submarkets, prices are falling at
the rate of x(N )/N , which is minimized at maturity (N ∗ ); in other words,
innovation rates are rising but prices are falling less and less rapidly.
4.3

Number of Firms and the Rate of Innovation

One key feature of the model is that innovation is tightly linked to the number of rms in the industry. To see if that prediction ts the data, we study
the expanded version of the Gort and Klepper data introduced by Agarwal
(1998). It includes data on rm numbers and patents (our proxy for innovations) for 31 products. We focus our attention on the data for each product
cycle up to the maximum number of rms is achieved, which corresponds to
N ∗ in the model and Stage III in the language of Gort and Klepper (1982).
We estimate the arrival rate of innovations (measured by patents) according to a negative binomial specication; that is, the log of the arrival rate is
linear in a set of regressors. Our specication allows for random eects in
the arrival rate across product-year pairs. Our model suggests that arrival
rates are increasing in the number of rms, but less than proportionally on
average (as x(N )/N is minimized at N ∗ ). We therefore estimate the log of
the arrival rate as a function of the log of the number of rms, as well as
year and product xed eects:
variable coecient standard error
ln(rms) .16
(.03)
Dependent variable - ln(arrival rate of patents)
From the regression results we see that the data is consistent with a key
feature of the model. Since the coecient on ln(rms) is between zero and
one, total number of rms, N, is positively correlated with an increase of
total innovation, x(N ), but negatively with innovation per rm, x(N )/N .11
The data also includes entry and exit counts. The model has a less clear
implication for entry and exit. Inventions could be purchased by existing
rms, achieved in-house or done by new ones. For a tangible example we can
make the extreme assumption that all inventors market their own inventions,
10 See

Section 5 for a specic model that delivers such price dynamics.
results survive the inclusion of various forms of product-age trends, suggesting
that rm counts are not simply a proxy for age.
11 The
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so every innovation leads to a new rm. That is, in the model arrival rate of
innovations and entry are one-to-one. Of course, the imposition of this strong
assumption implies that the model may have a much harder time explaining
the entry and exit data.
Since in the model x increases less than proportionally to rm numbers,
entry should, too, under this interpretation. To test this, we estimated the
relationship between the log arrival rate of entrants and the log of the number
of rms (with year and product xed eects):
variable coecient standard error
ln(rms) .75
(.05)
Dependent variable - ln(rate of entry)
This is once again consistent with less-than-proportional growth that the
model predicts (but since the coecient is dierent than in the previous
regression, the relationship between innovation and entry is more complicated
than the extreme assumption we suggested).
In our model exit occurs only when a rm is overtaken on a given submarket; therefore exit is associated with xe . This too increases less than
proportionally with rm numbers; note, however, that the model suggests a
stronger positive relationship for xe (which is increasing but less than proportionally) than x, which the sum of xe and the declining xf . For instance,
for the numerical example calculated in Section 3.2, a simple regression of
ln(xe ) on ln(N ) gives a slope coecient of .21, but the same regression of
ln(x) on ln(N ) gives a coecient of .13. Therefore, we expect that replacing
the entry rate with exit rate in the the previous regression should yield a
higher coecient, but still less than one. The regression results are:
variable coecient standard error
ln(rms) 1.00
(.06)
Dependent variable - ln(rate of exit)
The results do not contradict the model. In particular, the parameter is
signicantly greater than the one from the prior estimation; it cannot be
statistically distinguished whether the parameter is greater or less than one
In summary, the entry data is in accord with the theory of less than proportional growth in x with rms. The exit data is consistent with being more
positively related to rm numbers than entry, and is not inconsistent with
less than proportional growth.
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Finally, Klepper (1996) points out that market shares become more stable
as the product cycle develops. If each innovation is marketed by a new
rm, the model predicts a per-instant expected fall in market share for an
incumbent of


1 xe (N )
1
1
+ xf (N )
−
N N
N
N +1

The rst term is the probability of being replaced by an improvement (and
hence losing all market share); the second term is the probability that a
new submarket arrives (xf (N )) times the change in market share (market
share declines from 1/N to 1/(N + 1)). Since xe (N )/N and xf (N ) are both
declining on average (since they are minimized at N ∗ ), this is on average
decreasing in N , and therefore market shares become more stable as N rises.
So the model is consistent also with this empirical fact.12

5

Policy Implication: Subsidizing Innovation

We now ask how the model can inform us about a typical policy question in
the innovation literature, the appropriate subsidy for innovative activity. We
focus on the new question raised in our model: the direction of innovation
and ask about the relative social returns to a subsidy to a pioneering vs.
non-pioneering innovation.
5.1

A Model of Preferences

In order to study policy implications, it is necessary to fully describe the
demand side of the economy (to be able to talk about welfare).
In a given moment of time with N submarkets, in submarket i there is a
set of rms Ji . Firm j ∈ Ji can produce the good at a constant marginal cost
12 Utterback

and Abernathy (1975) argue that the shift from product to process innovation is driven by the development of a "dominant design." It is possible to interpret
our model to be consistent with this pattern. To see this, reinterpret "submarkets" as
"components" (a term from Utterback and Abernathy) of a common design. Then the
model endogenizes dominant design, namely to be one with N ∗ components. When the
dominant design arrives, process innovation takes its maximum value. Notice that the
time to the arrival of the dominant design is endogenous, and not determined by a technological constraint, but rather by the shape of the cost of innovation (and stochastic results
of research). In other words, our model adds the idea that the dominant design is being
importantly impacted by the resources the industry has to draw on.
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cji ≤ 1. Firms within a submarket are ordered in a decreasing order of costs.
For a given submarket i, the representative consumer consumes dji units of
products from rm j. This leads to di units from the submarket, where13
di =

X j

di

j

The representative consumer's instantaneous utility from a bundle of units
{di } of the various submarkets is
u ({di }) −

XX j j

pi d i

i

j

where pji is the price paid for good j in submarket i.
In equilibrium consumers will all consume the lowest cost product, denoted simply ci , for each submarket. Therefore, given consumption of di
units of that cost level of submarket i, utility is
u ({di }) −

X

pi d i

i

To achieve stationarity, we parameterize the utility function to be logarithmic: 14

Assumption 1: u ({di }) =

P

i

ln(di ).

With this utility, demands are independent across submarkets and the
representative consumer spends a constant share of his income on every submarket i. In particular, if the representative consumer buys in submarket i
13 The preference structure for a given sub-market follows Grossman and Helpman
(1991). Although we are focusing on cost reductions, an analogous model can be written with all rms having the same costs but inventions increasing quality of the product.
These two models are mathematically equivalent if consumers care equally about quality.
The mapping is achieved by measuring the cost of providing quality-adjusted units. With
that accounting an improvement in product quality while cost stays constant is equivalent
a reduction of cost while quality stays constant.
14 Additive and logarithmic utility is common in the growth literature because it generates stationarity of prots with constant percentage-decreases in cost levels. Here it also
delivers us, in a stark way, that prot ows are the same for all leading rms in each submarket and do not change with the introduction of new submarkets (no business stealing
across submarkets).
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at price p, his demand is dji = 1/p (where we normalize the total spending
per submarket to 1).
On the supply side, we assume that innovation reduces costs by a factor
λ > 1. That is, if in a given submarket the lowest cost rm j has a cost cji ,
if a new researcher invents an improvement, his rm will have costs cj+1
=
i
j
1
ci /λ. The rst rm to operate in a submarket has cost ci = 1/λ. For each
submarket, if nothing has been invented, the consumers have an outside
option that is provided competitively at marginal cost 1. One can interpret
this as the next best alternative product that might substitute for submarket
i.
Following the endogenous growth literature such as Aghion and Howitt
(1992) and Grossman and Helpman (1991), we suppose that each cost level is
monopolized, perhaps due to a patent or a trade secret. There is a Bertrand
competition between rms within a ladder. Non-lowest-cost rms price at
marginal cost; to match this price, the lowest cost producer charges pji =
1/λj−1 for j > 1 and p1i = 1. Given demand xi on ladder i, prot ows for
the leader are di (pi − ci ), where under Assumption 1, di = 1/pi . As a result,
prots are λ−1
≡ π.
λ

5.2 Social Benet of Dierent Types of Innovation
The equilibria we have characterized above do not achieve social rst-best
along many directions. Hence there are many ways a government can intervene to improve eciency. We focus on how the social returns compare
between subsidizing pioneering or non-pioneering research.
For clarity, we focus on a one-time unexpected subsidy for the marginal
researcher in the steady state to avoid crowding-out of private innovation
caused by an anticipated future government subsidy.
In equilibrium the steady state innovation level x∗ is typically socially
inecient, in the sense that the total surplus would increase if additional researchers joined the innovation eort. The reason is that the private return
is equal to r+xπ∗ /N while the social return is equal to CS∆ /r, where CS∆ is
the extra ow consumer surplus generated by the extra reduction in costs
and prices.15 Typically, the second number is higher because the social ben15 The

private benet is the prots stolen from the previous lowest-rm rm that accrue
until a new rm enters the submarket. The social benets depend only on the change of
consumer surplus, since on the producer side there is simply a transfer of prots from the
previously-leading rm to the new entrant. The new entrant lowers price, which results
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ets accrue forever, while the private returns occur only until the rm gets
replaced by an improvement. Additionally, given our demand structure, the
increase in ow of consumer surplus is higher than the prot ow: CS∆ =
ln λ > λ−1
= π.
λ
Therefore, for the utility functions assumed above, a subsidy to nonpioneering research in the steady-state unambiguously increases total welfare. But is it larger or smaller than the social return to subsidizing a pioneering research? To model this, we simply ask what the planner's payo
would be to one arrival of each type of innovation. As we argued, for a nonpioneering innovation, the benet is just CS∆ /r = (ln λ) /r. A pioneering
innovation creates a new submarket and has two main eects.16 First, it
creates additional prot ow, hence a return to rms of π/r (assuming that
the innovation is sold to a rm that then sells it at prot maximizing price;
if instead the price is set at marginal cost, then the return is larger, but
we want to focus on intervention in innovation alone). Second, a pioneering
innovation increases N and hence the steady state intensity of research from
x̂e (N ∗ ) to x̂e (N ∗ + 1) (recall from Section 3 that x̂e (N ) is dened as the
equilibrium research intensity if no further frontier applications are expected
in the future).17 Since an increase in x increases the growth rate of future
welfare, the second eect is going to dominate in the long run, even though
ow of benet from inventing a cost improvement is higher than from inventing a new submarket. Therefore a suciently patient planner would prefer
subsidizing new submarkets.
Formally, the steady-state free-entry condition is:
π
− c(x̂e (N )) = 0
r + x̂e (N )/N

(8)

This expression is increasing in N and decreasing in x̂e , hence unless
c(x) is vertical at x̂e (N ∗ ), it must be the case that x̂e (N ∗ + 1) > x̂e (N ∗ ).18
Furthermore, notice that this expression is decreasing in x̂e faster if c(x) is
increasing faster (to the right of x̂e (N )).
in gain in consumer surplus that accrues forever.
16 There is also a third eect that the frontier application costs more, but compared to
all future benets it is likely to be small and hence we ignore η in this section.
17 For this section we assume that c (x̂ (N )) is concave in N to make sure that N ∗ + 1
e
will be indeed a new steady state, see Lemma 4.
18 We have assumed that F () is strictly increasing with bounded derivatives, which
implies that c′ (x) exists and is bounded from above. It guarantees that a higher N leads
to a strictly higher research intensity.
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Since our results are "for suciently low r", one might be concerned
about the behavior of N ∗ as r gets small; the following lemma shows that
N ∗ converges to a nite number, and so, for large enough N̄ , an additional
submarket is feasible even for small r.
Lemma 7
Proof.

yields

.

limr→0 N ∗ < ∞

Recall that x̂e (N ) is dened by the solution to (5) and (6) which
π
r + x̂e (N )/N

c (x̂e (N )) =

So x̂e (N ) is decreasing in r and increasing in N. As r → 0, this condition
becomes:
c (x̂e (N )) x̂e (N ) = N π
(9)
so x̂e (N ) converges to a number. Now, to see that the steady-state N ∗ is
bounded away from ∞ as r → 0,suppose to the contrary that for every N ,
c (x̂e (N + 1)) − c (x̂e (N )) > η

(the opposite inequality is our condition for N ∗ , see discussion before Lemma
4). Evaluating (9) at N and N + 1 and subtracting, we get that for all N :
(c (x̂e (N + 1)) − c (x̂e (N ))) x̂e (N ) + c (x̂e (N + 1)) (x̂e (N + 1) − x̂e (N )) = π

|

{z

>0

}

|

{z

>N η

}|

{z

>0

}

(10)
Note that since we assumed F is atomless with bounded derivatives, c also
has bounded derivatives. Therefore, c (x̂e (N + 1)) − c (x̂e (N )) > η implies
that (x̂e (N + 1) − x̂e (N )) is uniformly bounded away from zero and hence it
is not possible that (10) holds for all N, a contradiction.
With N ∗ well-dened for small r, we can state formally the relative benets of the two types of subsidy as a function of r :

For suciently low r, the planner obtains a higher social
return from (one-time, unexpected) subsidy of pioneering innovation than a
subsidy of a research into one of the existing submarkets.

Proposition 2
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As we argued above, the total social return to one-time creation
of one cost improvement is simply a constant ow of one additional "step"
in consumer surplus: CS∆ /r. When instead a new submarket is created,
customers do not gain any additional surplus immediately (as we assumed
that the product will be sold by a monopolist while the outside option is sold
competitively) but they will enjoy a faster rate of arrival of future innovations:
x̂e (N ∗ +1) instead of x(N ∗ ). (In terms of total surplus there is also an increase
of prots for the industry from introduction of a new submarket, but it is
sucient to compare the consumers' gain). That leads to a total gain of:
Proof.

CS∆
(x̂e (N ∗ + 1) − x(N ∗ ))
r2

The ratio of the total returns to customers from the two types of innovation
is hence
x̂e (N ∗ + 1) − x(N ∗ )
(11)
r

As r → 0, condition (8) converges to:
N π = x̂e (N )c(x̂e (N ))

hence even in the limit x̂e (N ) is strictly increasing in N. Therefore, for suciently small r the return to customers (and total social return) is higher if
the planner subsidizes frontier applications.
To understand the role of the shape of c(x) on the planner's preference,
consider the following comparative static: x c(x) for x ≤ x(N ∗ ), but, for x >
x(N ∗ ), let c̃(x) < c(x), so that c̃(x) is atter (more elastic) than c(x). Under
c̃(x), a new submarket creates a higher social benet (because it induces a
larger increase of x than if the costs were given by c(x),according to (11)).
But, by contrast, an additional submarket is less attractive to the innovator
under c̃(x), for the same reason; the high rate of future arrivals discourages
frontier research. As a result, for both cost functions, the steady state is
N ∗ with research x(N ∗ ), but the social benet of an additional submarket is
greater under c̃(x).
This logic is summarized in the following proposition.
Proposition 3 Let

x > x(N ∗ ).

c̃(x) = c(x)

for

x ≤ x(N ∗ ),

but let

c̃(x) < c(x)

for

Then the relative social return to a pioneering research vs. non-

pioneering research is greater under

c̃(x).
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One interpretation of new submarkets/pioneering versus cost reductions/product
improvements in existing submarkets is the contrast between basic research
and applied developments. The model suggests both a rationale for governmental support for basic research (the greater research intensity that they
foster), and an intuition for when this impact is likely to justify government
involvement. For at c(x), the private benet to pioneering research is small,
but the social benet from inventing additional submarkets is large. Both
eects are driven by the fact that a at c(x) leads to a big impact of a new
submarket on equilibrium research intensity.
One way to understand further the comparative static is to think of a
at c(x) function as akin to innovations being easily imitated. From the
perspective of the innovator, this is the worst case for innovation; for the
planner, it is the best case, since it generates both innovations and potentially
valuable imitations. The private and social benets go in opposite directions
as c(x) attens.
Another interpretation is related to the discussion of Romer (2000), who
asks whether the government should subsidize supply or demand in researchers.
If we interpret subsidizing the supply of researchers as undirected, then it
may be better to choose a particular type of innovation (for instance new
submarkets) and subsidize hiring researchers working on that dimension, or
indirectly subsidize the demand side of that market to increase the private
returns.

6

Conclusion

We have introduced a model of the trade-o faced by an innovator who
might pioneer a new submarket or focus on an existing one. The model relies
on relatively few key ingredients. Pioneering innovations are more costly
than non-pioneering innovations. Innovation requires a scarce resource. The
model not only delivers facts about innovation dynamics, but also suggests a
sense in which a planner might favor one over another, with a patient planner
favoring encouragement of pioneering innovations.
The study of innovation over the product cycle has brought to light a
variety of regularities. We have introduced a model capable of explaining
the regularities related to the rise of the product cycle. Although we had
to make some particular modeling choices, the results rely on the supply of
research being upward-sloping which implies that innovation should be rising
26

with the number of submarkets, but less than proportionally. We showed that
this key prediction of our model is consistent with a well-known product cycle
data set. We believe that one can expand our model in several dimensions
and keep the force behind market pioneering that we highlight.
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